A calculation of the pion-production operator up to next-to-next-to-leading order for s-wave pions is performed within chiral effective field theory. In the previous study [Phys. Rev. C 85, 054001 (2012)] we discussed the contribution of the pion-nucleon loops at the same order. Here we extend that study to include explicit Delta degrees of freedom and the 1/m 2 N corrections to the pion-production amplitude. Using the power counting scheme where the Delta-nucleon mass difference is of the order of the characteristic momentum scale in the production process, we calculate all tree-level and loop diagrams involving Delta up to next-to-next-to-leading order. The long-range part of the Delta loop contributions is found to be of similar size to that from the pion-nucleon loops which supports the counting scheme. The net effect of pion-nucleon and Delta loops is expected to play a crucial role in understanding of the neutral pion production data.
I. INTRODUCTION
The reaction NN → NNπ, being the first inelastic channel of NN interaction, provides a good possibility to study NN dynamics at intermediate energies. The interest in pion production in NN collisions was revived almost 20 years ago when it was proposed [1, 2] , that the process may be studied in a model-independent way within chiral perturbation theory (ChPT) -the low-energy effective field theory of QCD -lately reviewed in Refs. [3, 4] . In this effective field theory the approximate chiral symmetry of QCD is exploited in a systematic way. The study of the NN → NNπ reaction at threshold builds on the detailed understanding of the necessary two-body ingredients, the πN and NN interactions and reactions, which have been successfully evaluated within ChPT at low energies, see, e.g., Refs. [5] and [6] for recent reviews.
Surprisingly, the naive application of the standard ChPT power counting, where one assumes the typical momenta | p | to be of the order of the pion mass m π , to the reaction NN → NNπ by Refs. [2, [7] [8] [9] [10] [11] , did not only fail to describe the data, especially in the pp → ppπ 0 channel, but also revealed a problem with the convergence of the chiral expansion. However, in Ref. [1, 12] it was advocated that the proper treatment of the reaction NN → NNπ requires taking into account the new intermediate momentum scale, p = | p | ∼ √ m π m N (m N is the nucleon mass), which corresponds to the relative momentum of the initial nucleons required to produce a pion at threshold. This new scale led to a new hierarchy of diagrams driven by the expansion parameter
with Λ χ ≃ m N being the typical hadronic scale. In what follows, we will refer to this power counting as the momentum counting scheme (MCS). The MCS has been applied in a variety of pion threshold production reactions for the outgoing pion in an s-wave [13] [14] [15] [16] [17] [18] and p-wave [19] [20] [21] , and for isospin violating pion production reactions [22] [23] [24] . It has been known for years that the strength of the s-wave pion production amplitude in the charged channels pp → dπ + and pp → pnπ + is dominated by the leading order (LO) Weinberg-Tomozawa (WT) operator [25] . On a more quantitative level, the cross sections for these two reactions were underestimated by a factor of 2 [3] . Meanwhile, the application of the MCS to s-wave production in the pp → dπ + channel at next-to-leading order (NLO) [14] , revealed quite good agreement with experimental data. To obtain this agreement it was important to realize that the nucleon recoil corrections ∝ 1/m N contribute in MCS at lower order than what is indicated naively by the order of the Lagrangian since in MCS p 2 /m N ∼ m π . In effect, the leading WT operator was enhanced by a factor 4/3 due to the recoil correction to the WT pion rescattering vertex. This enhancement resulted in an increase of the cross section by about the missing factor 2. In contrast, for s-wave pion production in the neutral channel pp → ppπ 0 , the situation is completely different. In this channel the large isovector WT rescattering vertex does not contribute while the direct emission of the pion from one-nucleon leg at LO is dynamically strongly suppressed [1] . Furthermore, the resulting contribution of loops at NLO was shown to vanish both for the pp → ppπ 0 [13] and pp → dπ + [14] reaction channels. In fact, we believe that the experimentally measured pp → ppπ 0 reaction is unique in that it directly probes the higher order MCS contributions which in the charged channels are masked by the dominant lower order Weinberg-Tomozawa term. Following this logic, in Ref. [16] we extended the analysis of pion-nucleon loops to next-to-next-to-leading order (N 2 LO). The pertinent results of Ref. [16] can be summarized as follows:
• significant cancellations of loops found at NLO are also operative at N 2 LO. In particular, all loop topologies involving 1/m N corrections to the leading vertices cancel completely, as do the loops involving low-energy constants (LECs) c i .
• the cancellation of pion-nucleon loops at N 2 LO is not complete yielding a non-vanishing N 2 LO contribution.
• using dimensional regularization, all UV divergencies in the loops were absorbed into redefinition of low-energy-constants (LECs) in the Lagrangian at N 2 LO. These LECs parametrize short-range physics not resolved explicitly at the energies relevant for pion production at threshold.
• the scheme-independent long-range part of pion-nucleon loops was found to be of a natural size as expected from the MCS, both for charged and neutral pion production. This puts in question the earlier phenomenological studies [26] [27] [28] [29] [30] [31] [32] of these reactions where none of these N 2 LO loop contributions were considered.
Due to the fact that the Delta-nucleon (∆-N) mass splitting, δ = m ∆ −m N , is numerically of the order of p (i.e. δ ∼ p), the Delta-isobar should be explicitly included as a dynamical degree of freedom 1 [1, 12, 13] . At tree-level, the effect of the Delta manifests itself already at NLO as discussed within chiral EFT in Refs. [1, 12, 13, 34] . In addition, starting from NLO the Delta-resonance also gives rise to loop contributions which at NLO were shown in Ref. [13] to cancel exactly both for the neutral and charged channels. Meanwhile, the role of the Delta loops at N 2 LO has not been discussed in the literature and is a topic of the present investigation.
In this work we complete the calculation of the loop diagrams for the s-wave pionproduction operator at N 2 LO. In particular, the previous calculation [16] is extended and improved in the following aspects:
• we treat the Delta-resonance as an explicit virtual degree of freedom in all loops and confirm the cancellation of all loop contributions containing Delta at NLO.
• we extend the calculation of the loops with the explicit Delta to N 2 LO. It is found that some of the loops renormalize the bare πNN coupling constant while a group of other N 2 LO loop diagrams vanishes in a close analogy with pion-nucleon loops.
• the N 2 LO remnant of the loops yields a long-range contribution to the pion-production operator amplitudes similar in size to those from pion-nucleon loops at the same order.
• we include the 1/m 2 N corrections to the tree-level operators at N 2 LO and present the operator for s-wave pion production with explicit Delta degrees of freedom up-to-andincluding N 2 LO.
The paper is organized as follows. In the next section we review the arguments and results of Ref. [16] . In particular, in this section we present some features special to the MCS. In Sec. II we discuss the cancellation mechanism of NLO loop diagrams before we explicitly give the expressions for the tree-level and loop-diagram production operators to N 2 LO derived in Ref. [16] . In Sec. III we present the Lagrangian which includes the ∆, give the tree-level amplitudes for the ∆ contribution to s-wave pion production and then evaluate all the loop diagrams involving Delta excitation to N 2 LO. Here we heavily rely on the arguments presented in Sec. II. The last subsection in Sec. III contains the details on regularization of the UV divergences present in the loop diagrams including a discussion of the necessary decoupling requirements in the heavy ∆ mass limit. In Sec. IV we compare the pion-nucleon and ∆-loop contributions before we make our conclusions in the last section.
II. S-WAVE PION PRODUCTION TO N 2 LO: THE CONTRIBUTIONS OF PION AND NUCLEON DEGREES OF FREEDOM
For completeness and to prepare the stage for the main part of the paper, where the inclusion of the ∆ as dynamical degree of freedom is discussed, in this section we summarize the results of Ref. [16] .
A. Diagrams and Power Counting
The most general form of the threshold amplitude (where the pion is in an s-wave relative to a NN S-wave final state) for the pion-production reaction
in the center-of-mass frame can be written as [16] :
where τ + = τ 1 + τ 2 , τ × = i τ 1 × τ 2 and σ 1,2 and τ 1,2 are the spin and isospin operators of nucleons 1 and 2. This expression incorporates the selection rules for the NN states. The final pion's isospin state is denoted by φ, e.g. φ = (0, 0, 1) for π 0 -production and φ = (1, i, 0)/ √ 2 for π + -production. For example, the amplitude A corresponds to the production of an s-wave pion accompanied with the final state spin-singlet S-wave NN interaction (pp → ppπ 0 ), while B corresponds to the spin triplet NN final state (pp → dπ + ). As mentioned in the introduction, the reaction NN → NNπ at threshold involves momenta of "intermediate range" p ≈ √ m π m N , Eq. (1). For near threshold s-wave pion production, the outgoing two-nucleon pair has a low relative three-momentum p ′ and appears therefore predominantly in S-wave. We therefore assign p ′ an order m π , i.e, the expansion parameter in Eq. (1) is augmented by
The calculations are based on the effective chiral Lagrangian given explicitly in Ref. [16] , see Refs. [35] [36] [37] [38] for more details. To N 2 LO, one needs to keep the corrections ∼ 1/m 2 N , as will be shown below. This means that we need to keep vertices ∼ 1/m 2 N from the pionnucleon Lagrangian L (3) πN [37, 38] . In Appendix B the terms in the Lagrangian relevant for our study are listed explicitly.
The diagrams containing only pion and nucleon degrees of freedom that contribute to the reaction NN → NNπ up to N 2 LO in the MCS expansion, are shown in Fig. 1 . The first row of diagrams represents contributions at LO. In the first row the first two diagrams are 
πN and L (2) ππ , ⊙ stands for the sub-leading vertices from L (2) πN whereas the blob indicates the possibility to have both leading and subleading vertices from L (1) πN and L (2) πN (see Fig. 2 for an illustration), the opaque symbol • stands for the vertices
πN . The N N contact interaction in the top row is represented by the leading S-wave LECs C S and C T from L N N whereas the contact five-point vertices in the bottom row are given by the LECs A CT and B CT . The red square in the box diagrams indicates that the corresponding nucleon propagator cancels with parts of the πN vertex and leads to the irreducible contribution, see text for further details.
sometimes called the "direct" one-nucleon diagrams or impulse-approximation diagrams in the literature, whereas the other two graphs are called rescattering diagrams. At NLO for s-wave pion production loop diagrams start to contribute, as shown by the second row of graphs. As will be reviewed below, these NLO amplitudes cancel completely [13] [14] [15] [16] . At N 2 LO, there are several contributing tree-level diagrams which are topologically similar to those at LO but with sub-leading vertices from L (2) πN and even L loops which, at this order, can be combined in two series of amplitudes, one proportional to g 3 A with a topology like the NLO pion-nucleon loop diagrams and one proportional to g A . These diagrams are given in rows four and five in Fig. 1 , respectively. To the order we are working, it suffices to include the sub-leading vertex from L (2) πN only once (but we have to consider all permutations of L (2) πN acting on a vertex) in the loops while retaining the other vertices at leading order as illustrated in Fig.2 .
For illustration of how the order of diagrams are estimated (or counted) in the MCS, we concentrate on the tree-level rescattering diagrams in Fig. 1 and will compare the LO and the sub-leading diagrams designated as N 2 LO in Fig. 1 . First we consider the rescattering diagram in the first and third row where the πNN vertex on the lower nucleon line originates from L (1) πN . In Eq. (3) below, the p/f π and 1/p 2 in front of the curly bracket stand for the dimensional estimate of the πNN vertex and the pion propagator, whereas the expressions after the curly bracket multiplied by 1/f 2 π originate from the rescattering vertices and correspond to the πN scattering vertices from L 
The LO operator scales as ∼ χ MCS /f To obtain this we used that the first term on the l.h.s corresponds to the πNN vertex from L (3) πN , the next term reflects the energy v · p ∼ m π of the nucleon propagator while the last term corresponds to the estimate of the one-pion exchange (OPE) or the contact term. Notice that while the tree-level contributions at N 2 LO with the sub-leading vertices from L
πN were already taken into account in the literature, see e.g. Refs. [1, 12] , the corrections stemming from L (3) πN are new and derived here for the first time.
(E, p) Before discussing the results at N 2 LO, one comment is in order. We noticed above that the loop diagrams at NLO cancel exactly. Here we want to explain the cancellation pattern in more detail since it is quite general and will be used later to establish cancellations among the loops at N 2 LO both with nucleons and Delta. For the channel pp → ppπ 0 , the sum of NLO diagrams of type II, III and IV in Fig. 1 is zero due to a cancellation between individual diagrams [13] , while the box diagrams vanish due to the isovector nature of the WT operator. However, the same diagrams II-IV give a finite contribution to the channel pp → dπ + [13] . As a result, the net contribution of these diagrams depends linearly on the NN relative momentum which implies a large sensitivity to the short-distance NN wave functions [39] . This seeming puzzle was solved in Ref. [14] , where it was demonstrated that for the deuteron channel there is an additional contribution at NLO, namely the box diagrams in Fig. 1 , stemming from the time-dependence of the WT pion-nucleon vertex. To demonstrate this, we write the expression for the WeinbergTomozawa pion-baryon (nucleon or ∆) scattering vertex in the notation of Fig. 3 as:
where we kept the leading WT vertex and its baryon recoil correction, which are of the same order in the MCS, as explained above. If the baryon line is a nucleon one has δ = 0, whereas δ = 0 for the case of the ∆. For simplicity, we omit the isospin dependence of the vertex. The first term in the last line is the WT-vertex for kinematics corresponding to the onshell incoming and outgoing baryons, the second term is the inverse of the outgoing baryon propagator while the third one is the inverse of the incoming baryon propagator. Note that for on-shell incoming and outgoing baryons, the expressions in brackets in (4) vanish, and the π baryon scattering vertex takes its on-shell value 2m π (even if the incoming pion is off-shell). A second consequence of Eq. (4) is that only the first term leads to a reducible diagram when the rescattering diagram with the πB → πB vertex is convoluted with NN wave functions. The second and third terms in Eq. (4), however, lead to irreducible contributions, since one of the baryon propagators gets cancelled. This cancellation is illustrated by red squares on the nucleon propagators in the two box diagrams of Fig. 1 . It was shown explicitly in Ref. [14] that those induced irreducible contributions cancel exactly the finite remainder of the NLO loops (II-IV) in the pp → dπ + channel. As a consequence, there are no contributions at NLO for both π 0 and π + productions, see also our results in the two first rows of Tables I and II of Ref. [16] .
In Ref. [16] we extended the analysis of the previous studies and evaluated the contribution from pion-nucleon loops at N 2 LO. As follows from Eq.(4), the part of the πN vertex in the diagrams IIIa, IIIb and Box a, Box b (the operators ∝ g 3 A ) and Ia and Ib (the operators ∝ g A ) cancels the nucleon propagator yielding the contribution that has a topology of the diagrams II or "football", respectively. Interestingly, the diagrams IV and "mini-football" also acquire contributions topologically similar to the diagrams II and "football" after canceling one of the pion propagators by a part of the four-pion vertex. In conclusion, Ref. [16] found that only those parts of the g 3 A (g A )-diagrams which cannot be reduced to the topology of the diagram II (football) in Fig. 1 , give a non-zero contribution to the transition amplitude. Thus, only very few N 2 LO contributions to the pion-production amplitude remain. Especially, all recoil corrections ∝ 1/m N and also all corrections ∝ c i vanish completely in the sum of the loop diagrams at N 2 LO. The non-vanishing amplitudes emerge from the diagrams IIIa, IIIb and IV in the case of the g B. Pion-production operator from tree-level diagrams
Single-nucleon and rescattering diagram contributions to s-wave pion production up to N 2 LO: the diagrams in the first row on the r.h.s appear at LO, the diagrams in the second row give the N 2 LO contributions. The last diagrams in the first and second rows involve the WT recoil correction, whereas the second diagram in the second row involves the c i rescattering vertex.
In this section we derive the amplitudes from diagrams shown in Fig. 4 up-to-andincluding N 2 LO in the theory involving pion and nucleon degrees of freedom for s-wave pion production. The tree-level and loop contributions due to the explicit Delta-resonance will be discussed in Secs. III C and III D.
The rescattering operator at LO involves the Weinberg-Tomozawa πN vertex from L
(1) πN and its recoil correction from L (2) πN which give the resulting operator amplitude:
where the superscript a (a=1,2,3) here and in what follows refers to the isospin quantum number of the outgoing pion field. The momenta are defined in Fig.4 . Further, 
iM
where [S 1µ , S 1ν ] = S 1µ S 1ν −S 1ν S 1µ . The first two terms in the curly bracket in Eq. (7) are due to the corrections to the ππNN vertex from L In addition to the rescattering operators just derived, one needs to account for the contributions from the direct pion emission from a single nucleon, the so-called direct diagrams which are shown in the first and third rows of Fig.1 and contribute at LO and N 2 LO. Note that in these direct diagrams, the OPE or the NN contact term, which appear together with the πNN vertex for outgoing pion in Fig.1 , will be considered as part of the final (or initial) NN wave function. In Fig. 4 , the OPE and the NN contact term are, therefore, not shown. After this separation of the NN-interaction part, the contribution of the "direct" diagrams shown in Fig.4 becomes a one-nucleon operator and can be written as
This amplitude contributes to observables only when convoluted with the NN wave functions. For further discussion see Appendix A.
These LO and N 2 LO operator amplitudes generated by the diagrams in Fig.4 have to be added to the N 2 LO loop diagrams to be presented in Sec. II C in order to generate the complete N 2 LO s-wave pion-production operator amplitude from pion-nucleon diagrams. We postpone the discussion of the combined s-wave pion-production amplitude until the end of Sec. III where also the ∆ degrees of freedom will be added to the pion production s-wave amplitude.
C. Pion-production operator from pion-nucleon loop diagrams up to N 2 LO
The contribution of pion-nucleon loops to the production operator for s-wave pions was derived in Ref. [16] and we just summarize the results:
where the integral
A are proportional to the outgoing pion energy v · q ≃ m π , i.e. both operator amplitudes vanish at threshold in the chiral limit as expected.
The contributions of the loops to the amplitudes A and B, see Eq. (2), can be separated into singular and finite parts, where the singular parts are given by the UV divergences appearing in the integral, I ππ (k 2 1 ), in Eqs. (9) and (10) .
The UV divergences are absorbed into LECs accompanying the (NN) 2 π amplitudes A CT and B CT , given in the last row in Fig.1 . By renormalization, the singular parts of the loop amplitudes are eliminated and we are left with the renormalized finite LECs, A r CT and B r CT , which will be added to the finite parts of the loop amplitude operators. Based on the renormalization scheme of Ref. [16] , the finite parts of the pion-nucleon loops arẽ
where µ is the scale and the function F 1 is defined in the appendix, Eq. (C3). In general, as discussed in Ref. [16] , the finite parts of the loopsÃ finite andB finite can be further decomposed into the short-and long-range parts. The former one is just a (renormalization scheme dependent) constant to which all terms in Eq. (12) except F 1 contribute. On the other hand, the long-range part of the loops is scheme-independent. By expanding the function 
2 In Ref. [16] , the integral I ππ (k A numerical evaluation of these terms givesÃ long finite = 2.2 andB long finite = −1.5. In Ref.
[16] these numbers were compared with those from the most important phenomenological contributions which were proposed in Refs. [26] [27] [28] [29] in order to resolve the discrepancy between phenomenological calculations and experimental data. Using the mechanisms suggested in Refs. [26] [27] [28] [29] , one obtainedÃ r CT ≃ 2 andB r CT ≃ 1 in the same units. Based on this, it was concluded in [16] that the scheme-independent long-range contributions of pion-nucleon loops, not included in the previous studies, are comparable in size with the contribution needed to bring theory in agreement with experiment.
In the next section, Sec.III, we derive the results for N 2 LO loops including the Delta resonance. In particular, it will be shown that the long-range contributions of the pionnucleon and the Delta loops are of similar size, in agreement with the power counting estimate.
III. S-WAVE PION PRODUCTION TO N 2 LO: ∆-RESONANCE INDUCED CON-TRIBUTIONS
The threshold pion-production reaction involves energies where the ∆-resonance is not heavy enough to be parametrized just by πN LECs. The ∆ should in fact be explicitly included in the loops as virtual nucleon excitations in order for the effective theory to properly describe the physics in this energy region. Indeed, whereas the mass difference δ is non-zero even in the chiral limit of the theory (when m π → 0), the physical value of δ, δ ≈ 300 MeV, is numerically very close to the "small" scale in the MCS, i.e. the momentum scale p ∼ √ m π m N . Hence, Hanhart and Kaiser [13] argued that, as a practical "consistency" in MCS, δ should be counted as p. In this section we will outline the operator structure due to the inclusion of explicit ∆ degrees of freedom for the NN → NNπ reaction. When the Delta is explicitly included, the LECs c 2 , c 3 and c 4 , which are determined from pion-nucleon data, have to be re-evaluated. As a consequence, in the Delta-full theory, one obtains the LECs in which the Delta contribution is subtracted. These residual LECs enter the calculation of the pion-production operator derived in Sec. II, see Eqs.(6) and (7). Once we include explicitly the ∆-field in the Lagrangian, the parameter δ ∼ p will appear in loops containing the ∆ propagator and the resulting loop momentum will naturally be of the order of p, i.e., these loop diagrams will then contribute at NLO and N 2 LO in the MCS. In the MCS with a ∆ explicitly included, we also have to consider loop diagrams with topologies different from those discussed in previous sections. Some of these additional loop diagrams containing a ∆ propagator will renormalize LO diagram vertices as well as the nucleon wave function. This is in contrast to the loop diagrams with only nucleon and pion propagators, which contribute to renormalization of the vertices at N 4 LO only, as argued in Ref. [16] . This is a higher order than what is considered in this work. These considerations will be explained in detail in the next subsections. 
A. The Lagrangian with ∆ interactions
The evaluation of the amplitude contributions involving ∆ is based on the effective Lagrangian [40, 41] which reads in the σ-gauge
where g 1 is the π∆∆ coupling constant, g 1 = 9/5g A from Ref. [42] , h A is the leading πN∆ coupling constant and S and T are the spin and isospin transition matrices, normalized such that
An estimate of the πN∆ coupling constant h A = 2g πN ∆ = 3g A / √ 2 = 2.7 is derived from large N c arguments [43] , whereas a determination of g πN ∆ from a fit to the decay width of the ∆ resonance to leading order in the small-scale expansion gives h A = 2.1 [41] .
B. Reducible diagrams with ∆-resonance
The application of the scheme originally proposed by Weinberg [44, 45] to pion-production reactions suggests that the full pion-production amplitude can be evaluated by convolving the pion-production operator, which consists of irreducible graphs only, with NN wave functions in the initial and final states. Only on-shell amplitudes are physically meaningful and can be compared to each other via power counting. To find the MCS order we estimate the order of the diagrams shown in Fig. 5 . It is understood that the OPE in the diagrams will in the actual evaluations be considered as a part of the NN → N∆ amplitude similar to the direct diagrams discussion in Sec. II B. For example, the first diagram in Fig. 5 is suppressed relative to the LO direct one-nucleon diagram in Fig. 1 since the ∆ propagator is reduced by m π /δ ∼ m π /p compared to the nucleon one given in Eq. (3). Therefore, this direct ∆-diagram in Fig. 5 contributes at NLO. Meanwhile, the reducible box diagrams (the last two) in Fig. 5 , which are to be evaluated with the on-shell (2m π ) πN vertex as shown in Eq.(4), start to contribute at N 2 LO. Interestingly, the diagrams in Fig. 6 involving the ∆∆ intermediate state contribute to the on-shell production operator only with subleading vertices at the loop-level and are therefore of a higher order. In particular, a comparison of the box diagrams with one and two ∆ propagators in Figs. 5 and 6 reveals that the latter are suppressed due to the absence of the πN → π∆ vertex at leading order.
Since the NN and N∆ states are coupled in the NN models [46, 47] which will be used to evaluate the initial and final state NN wave functions in NN → NNπ, the full pionproduction amplitude also receives contributions from the building blocks containing N∆ states as shown in Fig.7 . In full analogy to the "direct" single nucleon diagrams in Fig. 1 and as discussed in Sec. II, diagrams shown in Fig. 7 do not contribute to the on-shell pionproduction operator but are relevant only when convolved with the NN − N∆ amplitude either in the initial or in the final state.
C. Tree-level diagrams with ∆-resonance
In this subsection we provide explicit expressions for the contributions of the diagrams in Fig.7 , and we obtain the following expressions: Of course, these tree-level pion-production amplitudes with a N∆ initial or final state can not by definition contribute to the NN → NNπ irreducible production operator. On the other hand, the amplitudes (15) give a nonzero contribution to the full pion-production amplitude when they are inserted as a building block into those of FSI and ISI diagrams which have an N∆ intermediate state. The corresponding expressions are given in the Appendix (A), see Eqs. (A2) (A3) and (A4). The contribution of these operators corresponding to charged pion production in pp → dπ + was evaluated in Ref. [34] .
D. Loop diagrams with ∆ propagators
In order to illustrate the power counting of the loop diagrams with ∆ in MCS we, as an example, discuss in detail the power counting for diagram type ∆IV in Fig. 8 . First, note that the four-pion vertex of the leftmost diagram in Fig. 8 can be rewritten as a linear combination of the three pion propagators adjacent to this vertex plus a residual vertex term 3 (see, e.g., appendix A.4 in Ref. [16] ). This results in a separation of diagram ∆IV in four parts: for the diagrams ∆IV a-c the pion propagator cancels corresponding parts of the four-pion vertex, as indicated by the red square in Fig. 8 , while diagram ∆IV d appears as the residual part in this separation. To estimate the magnitudes of the amplitudes of these diagrams, we first remind the reader that for the reaction NN → NNπ close to threshold the initial nucleons have four-momentum p 3 ). Combining all these factors and using 4πf π ∼ m N , one obtains the order estimate for this diagram as follows Fig. 1 . Again, the red square on the nucleon propagator in the two box diagrams indicates that the corresponding nucleon propagator cancels parts of the Weinberg-Tomozawa πN rescattering vertex leading to an irreducible contribution of the box diagrams as discussed in Sec. II B.
This order estimate of diagrams ∆IVa-c based on dimensional arguments should be compared with the corresponding estimate of a leading-order diagram for the NN → NNπ reaction, namely the rescattering diagram with the Weinberg-Tomozawa vertex, as given by Eq.(3). Thus, we find that the diagrams ∆IVa-c in Fig. 8 start to contribute at NLO. Meanwhile, the pion-gauge independent diagram ∆IV d starts to contribute at N 2 LO only. The reason is that the residual pion-gauge independent 4π vertex is suppressed compared to the leading 4π contributions. Finally, notice that the expression for diagram ∆IV contains more terms than the corresponding pure pion-nucleon diagram IV. In the pion-nucleon case, the contributions similar to type ∆IVb and ∆IVc are strongly suppressed since they involve only the momentum scale of the order of m π , as explained in Appendix A.4 in Ref. [16] .
The loop diagrams involving ∆ which contribute to s-wave pion production up to N 2 LO are shown in Fig. 9 . In the first row of Fig. 9 , we have the two-pion exchange diagrams with topologies completely analogous to the pion-nucleon g 3 A -graphs in the second row in Fig. 1 . The two-pion exchange diagrams in the first row of Fig. 9 individually start to contribute at NLO. However, these NLO diagrams cancel completely in the sum for the same reason as do the NLO pion-nucleon ones in Fig. 1 . In fact, it is relatively straightforward to show that, on the operator level, this cancellation of the NLO level diagrams is independent of whether we have a nucleon or a ∆ propagator on the lower baryon line in Figs. 1 and 9 . Consequently, in MCS there are no contributions from these two-pion exchange diagrams at NLO. Moreover, the N 2 LO contributions of the diagrams in the first row in Fig. 9 also show cancellation patterns among the diagrams absolutely analogous to the purely pion-nucleon case. In the first row of Fig.10 , we demonstrate graphically this systematic cancellation pattern of these diagrams at NLO and N 2 LO, where a nucleon (pion) propagator cancels parts of a WeinbergTomozawa πN rescattering (four-pion) vertex expression, rendering an effective diagram of topology like diagram ∆II but with an effective three-pion-nucleon vertex which vanishes. It should be mentioned that the diagrams in the first row of Fig. 9 also obtain corrections from higher-order vertices ∝ 1/m N and c i (Delta-subtracted) from L (2) πN . Those corrections, however, again cancel completely at N 2 LO in a full analogy to the cancellations among the corresponding pion-nucleon loop contributions, see Ref. [16] and the discussion in Sec.II C. The net sum of the N 2 LO diagrams in the first row of Fig. 9 receives contributions only from diagrams ∆IIIa and ∆IIIb, where the Weinberg-Tomozawa πN vertices are on-shell, and a remnant of diagram ∆IV, the pion-gauge independent ∆IVd shown in Fig.8 . In other words, the contributions of the diagrams ∆IVa-c in Fig.8 cancel against other diagrams, as indicated in Fig. 10 , and only ∆IVd with a residual part of the four-pion vertex remains.
In addition, there are several new loop diagrams containing ∆ propagators where one effectively has a pion being exchanged between the two nucleons, see diagrams ∆V-∆XI in Fig. 9 . Surprisingly, parts of diagrams ∆V-∆IX in rows two and three also undergo significant cancellations. Again, as illustrated in rows two and three in Fig. 10 , after the cancellations of the vertex structures with the propagators, some parts of the diagrams ∆V-∆IX and ∆IV acquire the effective topology of the diagrams ∆VIa and ∆VIb. The net effect of such contributions again vanishes at NLO and N 2 LO for s-wave pion production as indicated on the r.h.s. in rows two and three of Fig. 10 . After the cancellations, only those parts of diagrams ∆V-∆IX remain, that are proportional to the on-shell part, 2m π , of the π∆ − π∆ and πN − πN vertices. Although the dimensional analysis estimate indicates that these residual contributions are naively of N 2 LO in MCS, most of the N 2 LO amplitude expression vanishes due to loop angular integration. For example, for diagrams ∆VII the numerator of the integrand
is odd with the loop momentum l yielding the vanishing contribution at N 2 LO. As a consequence of these cancellations almost all loop diagrams in rows two and three in Fig. 9 do not contribute to the s-wave N 2 LO pion-production amplitude. Only diagram ∆V in the second row yields a non-vanishing N 2 LO contribution from the loop diagrams in rows two and three, where again only the on-shell part of the π∆ − π∆ rescattering vertex in diagram ∆V remains.
Finally, the three one-pion-exchange ∆ loop diagrams in the last row of Fig. 9 , which have to be taken into account at N 2 LO, contribute only to the renormalization of g A at N 2 LO, see the next subsection. Furthermore, the time-dependent Weinberg-Tomozawa πN vertex in these three diagrams appears on-shell as discussed in the text after Eq.(4).
E. Regularization of UV divergences and renormalization
The loop diagrams with explicit ∆ are UV-divergent at N 2 LO. These ∆ loop diagrams require that the couplings and masses appearing in the Lagrangian should be renormalized. In particular, up to N 2 LO in MCS we concentrate on two relevant renormalization corrections, namely the ones to the πN coupling constant g A and the nucleon wave function renormalization factor Z N , as shown in Fig.11 . These renormalization corrections of order
were evaluated in Ref. [37, 38] for πN scattering with explicit ∆ in the loop using dimensional regularization. We confirm the results of Ref. [37, 38, 48] :
whereg A is the bare axial coupling, g πN ∆ = h A /2 and g 1 = 9/5g A is the π∆∆ coupling constant. In order to calculate the production operator up to NLO it suffices to use Z N = 1 andg A = g A . However, in a theory with explicit ∆ degrees of freedom, renormalization corrections to the tree-level diagrams at LO in Fig. 1 generate N 2 LO contributions. At N 2 LO, the nucleon fields (N) in the Lagrangian must be renormalized, i.e., N → N √ Z, and, similarly, for the axial constantg A → g A (i.e.,g A deviates from the physical value), due to the loop corrections with explicit ∆ in Eq. (18) . The explicit evaluations of the diagrams in Fig. 9 reveal that the contributions of diagrams ∆X and ∆XI reproduce the N 2 LO correction to the tree-level rescattering diagram in Fig. 1 due to renormalization of g A and Z N (see first five diagrams in Fig.11 ), meaning that at N 2 LO there is no genuine contributions of diagrams ∆X and ∆XI in MCS.
The N 2 LO contribution from Z N to the WT vertex (the last two diagrams in Fig.11 ), is included in the rescattering operator together with the residual contributions of the diagrams ∆III, ∆IV and ∆V and gives non-vanishing correction at N 2 LO. The individual non-vanishing contributions of the ∆ loop diagrams in Fig. 9 , expressed in terms of four well-known scalar integrals, J π∆ , I ππ , J ππ∆ , and J ππN ∆ , which are defined in appendix C,
where the two spin-isospin operators in Eq.(18) are:
The four different loop integrals in Eq. (18) can be characterized in the following manner. The integral J ππ∆ , Eq. (C5), contains two pion propagators and a ∆ propagator whereas the integral J ππN ∆ , Eq. (C6), has an additional nucleon propagator. Furthermore, we note that both of these integrals are UV finite. Meanwhile, the integrals J π∆ and I ππ contain UV divergences and, similar to the pion-nucleon loops, some of these divergencies can be absorbed by the five-point NN → NNπ contact term, see the last row in Fig.1 . Before we present the final transition amplitude contribution for s-wave pion production from ∆ loop diagrams, there is one issue which deserves attention. In a theory containing a "heavy" resonance ∆, it is not sufficient to require just the cancellation of the UV divergent terms with the corresponding LECs. The integrals J π∆ and I ππ in Eq. (18) which are multiplied by the factor δ 2 /k 2 1 pose an additional problem. Such polynomial behavior would give divergences if the ∆-resonance was infinitely heavy, i.e., if δ → ∞. Therefore, to find the most natural finite values of the renormalized LECs, the explicit "decoupling" renormalization scheme was introduced [49] . In such a scheme, the finite parts of LECs are chosen such that the renormalized contribution from diagrams with ∆ loops vanish in the limit δ → ∞. It is demonstrated in Appendix C 2 that the following combinations of loop integrals (up to N 2 LO in MCS) do vanish when δ → ∞:
We find that the combination of the two integrals J π∆ and I ππ in Eqs. (20)- (22), I ππ + 1 2δ
J π∆ , cancels the UV divergences of the individual integrals, as proven at the end of the Appendix C 2. Hence, Eqs. (20)- (22) (20)- (22), we obtain the following transition amplitude from the ∆ loop diagrams
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Additional terms, that do not vanish at the large δ limit, shown in the square brackets in Eq. (23) , are short-ranged and are cancelled in the amplitude expression by the parts of the five-point contact termsÃ ∆ CT andB ∆ CT due to the explicit ∆. In other words, the decoupling condition fixes the magnitude of the five-point contact interactions due to the explicit ∆, A ∆ CT andB ∆ CT , up to higher order terms. In fact, by defining the five point contact terms as
we obtain the fully renormalized, finite ∆ loops amplitude contribution, which satisfies the decoupling condition, to s-wave pion production at N 2 LO:
This expression should be added to the finite s-wave production operators presented in Sec. II.
IV. COMPARISON OF THE PION-NUCLEON AND ∆ LOOP CONTRIBUTIONS
In Ref. [16] (see also discussion in Sec. II) we argued that the long-range schemeindependent part of the pion-nucleon loops at N 2 LO is sizable and could resolve the problem with the description of pion production data in the neutral channel, pp → ppπ 0 . We now add the long-ranged ∆ contribution. First, we note that the spin-isospin structure of the ∆-loops in Eq. (26) is exactly the same as for the pion-nucleon case in Eq. (10) . Meanwhile, the dimensionless integrals are different and the coefficients in front of the spin-isospin operators also differ. We want to compare the resultant amplitudes from the nucleon and ∆ loop diagrams for NN relative distances relevant for pion production, i.e. for r ∼ 1/p ≃ 1/ √ m π m N . In order to separate the long-range scheme-independent contributions of the ∆-loop expressions from the short-range ones in a transparent manner, we make a Fourier transformation of our expressions. The Fourier transformation of a short-range (constant) contribution gives a δ-function, δ(r), which does not influence the long-range physics of interest and we therefore ignore this contribution in this section. The Fourier transformation of the long-range part of the loop integrals is evaluated numerically as follows:
Here, the regulator e −k 2 /Λ 2 is used in order to minimize the influence of the large momenta in the loop integrals, denoted by I(k) for short. We have verified that for Λ >2 GeV this regulator does not affect the results in the long-range region of r ∼ 1/p. Specifically, we Fourier transform the integral combinations in the curly brackets in Eq. (26) (multiplied by g A g 2 πN ∆ ) corresponding to τ + (neutral) and τ × (charged) channels. We compare the resulting Fourier transformed amplitudes with the Fourier transformed amplitudes of the corresponding pion-nucleon contributions in Eqs. (9) and (10), −2g contribution constitutes less than 20% compared to the pion-nucleon loop amplitude. This can be understood by the specific combination of the coefficients for the spin-isospin operator in the case of the ∆-resonance amplitude, which results in a suppression by almost one order of magnitude. Therefore, the conclusion of Ref. [16] , regarding the importance of the pionnucleon loops in explaining the neutral pion production, appears to be only slightly modified by the ∆ loop contributions. Regarding the charged channel the ∆-loop contribution to the s-wave pion-production amplitude is almost of the same magnitude (roughly 60%) but of opposite sign compared to the pion-nucleon one. The net loop amplitude from the nucleon and ∆ loop diagrams is therefore not as important as in the neutral channel. The pattern that emerged from the loops is therefore exactly what is necessary to quantitatively describe the data on both pp → ppπ 0 and pp → dπ + very near threshold: while in the former reaction there persists a huge discrepancy between data and the chiral perturbation theory calculation to NLO, in the latter at NLO the description is already quite good [14] . In line with this we now find that due to large cancellations amongst the pion-nucleon and the Delta loops the N 2 LO corrections from the loops are small in the charged pion channel. On the other hand, this cancellation is by far not that efficient in the neutral pion channel leading to a significant loop contribution. In combination with the observation that in the neutral pion channel the leading order diagrams are suppressed both kinematically as well as dynamically [3] , this provides a dynamical reason of why it was so much harder to understand phenomenologically the neutral pion production compared to the charged pion production.
V. SUMMARY AND CONCLUSIONS
We have investigated the pion production operator in NN → NNπ near threshold within chiral EFT. Specifically, by explicit inclusion of the Delta-isobar and the 1/m 2 N -corrections we have calculated the pion production operator to next-to-next-to-leading order (N 2 LO) in the momentum counting scheme (MCS). The MCS keeps track of the large initial momenta necessary in order to produce a pion from two nucleons. The MCS approach accounts for the scales encountered in this reaction, namely the pion mass, the intermediate momentum scale p ∼ √ m π m N compared to the hadronic scale Λ χ . An understanding of such a twoscale problem is important also for other systems: e.g. to formulate a power counting for the decays of heavy charmonia via meson loops it is necessary to keep track of various energy and momentum scales [50] .
While all loops cancel at NLO, at N 2 LO there is a finite remainder of the ∆ loop contributions which is of the same order of magnitude as its purely pion-nucleon counter part calculated in Ref. [16] . This finding confirms the conjecture that the new scale introduced by the Delta-nucleon mass splitting should be treated at the same order as the one from the initial momentum.
It is encouraging to observe that the sum of pion-nucleon and Delta loops shows exactly the pattern required by the data. In the channel where there is an isoscalar NN pair in the final state, there is a large cancellation between the N 2 LO Delta loops and the pion-nucleon ones as indicated in Fig 12. Note that in this channel the NLO calculation of Ref. [14] was already close to reproducing the data. On the other hand, in the channel where the final state NN pair is in an isovector state the Delta loop contributions are much reduced compared to the pion-nucleon loops as seen in Fig 12. This means that the sum of Deltaand nucleon-loop contributions is sizable and it is precisely in this channel where earlier calculations revealed huge deviations from data.
This indicates that the large quantitative difference between the two near threshold amplitudes A and B in Eq (2) can be well understood on dynamical grounds based on nucleon, Delta and pion degrees of freedom. Meanwhile, the short-ranged physics contribution is parametrized by local contact terms in effective field theories, and these LECs might well give similar contributions in the two channels. However, in order to make this finding more quantitative, a convolution with proper NN wave functions is necessary. Formally, in a consistent chiral EFT calculation one should derive the transition operators and the initial and final nucleon wave functions from the same effective Lagrangian. This has not yet been carried out and is beyond the scope of this work. For pragmatic reasons we will consider the hybrid approach where, as in this work, the transition amplitudes are evaluated in ChPT, whereas the nucleon wave functions are generated by modern phenomenological NN potentials. As a next step, the calculation of observables in the hybrid approach and the comparison with experimental data will be presented in a subsequent work. The intrinsic scheme-dependence inherent to the hybrid approach also needs to be quantified.
Our work provides an important step forward towards understanding the important class of reactions, namely the first inelastic NN reactions -NN → NNπ. Especially, it confirms the observation of Ref. [16] , where it was pointed out that the long-range physics is not described properly in earlier phenomenological calculations [26] [27] [28] [29] [30] [31] [32] . Indeed, none of the loop contributions with nucleons and Delta that survived the significant cancellations, like the pion crossed boxes (cf. diagrams IIIa and IIIb in Figs. 1 and 9 ), were included in these works. In addition, similar to cancellations among the pion-nucleon loop terms, also all the Delta loops that can be associated with scalar-isoscalar πN interaction in the pion rescattering term cancel. This cancellation is in conflict with the claims of Refs. [30, 31] , where these diagrams provided the essential contributions necessary to describe the data. 
where ψ l ′′ (q) are the deuteron wave functions corresponding to the angular momentum l ′′ , normalized by the condition
Thus, the two-nucleon propagator for the deuteron in the final state is absorbed in the wave functions and the normalization has changed. Analogous expressions can be written down for the deuteron in the initial state. Note that in the case of the deuteron in the initial or final state the N 2 LO production operator derived in this paper appears only as the building block for the calculation of the M FSI , M ISI and M ISI+FSI amplitudes according to Eqs. (A2)-(A4) and (A5), respectively. They do not contribute independently because then there are no free nucleons in the initial or final state.
The heavy baryon formalism involves the covariant spin-operator S µ and the four-velocity v µ where
In four-dimensional space-time, the commutator of two spin-operators can be simplified to [S µ , S ν ] = iǫ µνγδ v γ S δ , where we use the convention ǫ 0123 = −1. The next order Lagrangian has two derivatives or one m 2 π insertion:
where χ + = u † χu † + uχ † u (χ = m 2 π up to isospin violating corrections) and where we have only written those terms relevant for this paper, in addition ' . . . ' denotes the trace in flavor space.
The relevant third order Lagrangian takes the form
fixed N , 
regularization scale and the integral J 0 (−δ) is defined in Ref. [36] .
